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We consider the type I theory compactified on T 3 . When the D5-brane wraps the T 3 it 
yields a D2-brane in seven dimensions. In the leading approximation the moduli space of 
vacua of the three dimensional field theory on the brane is T 4 /Z2. The dual M theory 
description of this theory is a compactification on K3 and our 2-brane is the eleven dimen- 
sional 2-brane at a point in K3. We use this fact to conclude that strong coupling IR effects 
in the three dimensional theory on the brane turn its moduli space into a K3. This inter- 
pretation allows us to solve various strongly coupled gauge theories in three dimensions by 
identifying their Coulomb branch with a piece of a (sometime singular) K3. 



May 1996 



D-branes |1J appear to be interesting probes of space-time geometry and background 
gauge fields In particular, motivated by observations of Sen the authors of || 

showed how the background r parameter of IIB compactifications known as F theory 
H can be probed. The relevant D-brane is the D3-brane of the type II theory, whose 
four dimensional world volume gauge theory has such a r parameter. In the leading 
approximation the r parameter is given by the tree level, short distance value in that four 
dimensional gauge theory. The exact value of r in F theory is given by the long distance 
value in the gauge theory as determined in |J. 

It is interesting that the values of the space time background fields are given by the 
long distance parameters of the theory on the brane rather than by their short distance, 
tree level values. Since the brane is only a probe of the space time fields, this observation 
raises an interesting question. How do these background fields adjust themselves to be 
compatible with the long distance dynamics on the probes? Are they affected by the 
probes or is it merely that their values are consistent with any probes which can be used? 

In M a compactification to eight dimensions was discussed. Here we will study lower 
dimensional examples. 

Consider the type I theory compactified on T 3 with generic SO(32) Wilson lines. 
Our probe will be a D5-brane which wraps the compact T 3 yielding a 2-brane in seven 
dimensions. The collective coordinates of the brane are an SU(2) gauge theory with 
some "quarks" |jlO|| . The moduli space of vacua of the theory on the brane in the leading 
approximation is parametrized by SU{2) Wilson lines. This space is = T 3 /Z2. At the 
singularities of AA° cl the SU{2) gauge symmetry is restored. At generic points on M.^ the 
SU{2) gauge symmetry is Higgsed to U(l). The photon in the low energy three dimensional 
theory can be dualized to another massless boson which extends the moduli space by adding 
a circle which is fibered over T 3 /Z2. The fiber is singular over the singularities in the base. 

The space-time .SO (32) Wilson lines appear as mass terms in the theory on the brane. 
Therefore, for generic values of these Wilson lines there are no massless quarks at the 
singularities of A4%- However, at various points on M° c i there are massless "electrons" 
(we distinguish them from quarks which couple to massless non-Abelian gauge fields) 
where the SU(2) Wilson line cancels the £0(32) Wilson line. At these points the duality 
transformation on the photon is complicated. However, at the classical level is still 
smooth there. 

It can be helpful to perform a T duality transformation on all three compact co- 
ordinates of the compactification. The resulting type I' theory is the type IIA theory 
compactified on T 3 with 8 orientifolds, which are 6-branes and sixteen D6-branes which 
fill the non-compact dimensions. The probe is then the D2-brane of the IIA theory which 
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is at a point in the compact space. The orientifold points correspond to the enhanced 
577(2) gauge symmetry on the brane and the D6-branes correspond to the points with 
massless electrons. 

To summarize, the classical moduli space of vacua of the three dimensional theory on 
the brane, Ai c i, is a four dimensional space whose base is A4° cl = T 3 /Z2 and whose fiber 
5 1 is singular over the 8 singularities of the base. The resulting classical moduli space is 
M cl = T 4 /Z 2 . 

What happens to Ai c i in the quantum theory? By three dimensional supersymmetry 
it has to be a hyper-Kahler manifold which is approximately T 4 /Z2. If all the singularities 
are smoothed out, it must become K3. If this is the case, our 2-brane which is embedded in 
seven dimensions is at a point in K3. This is precisely the picture implied by compactifying 
M theory on K3 with the eleven dimensional 2-brane identified with our 2-brane. As a 
consistency check of this proposal, note that in eleven dimensions the 2-brane is dual to the 
5-brane. Since it is at a point on the compact K3, its dual in seven dimensions is a string 
obtained by wrapping the eleven dimensional 5-brane on K3. According to the conjectured 
M on K3/heterotic on T 3 duality ||11|| , this object is the heterotic string ||12|1 . Therefore, 
our 2-brane is dual to the heterotic string. Indeed, it started its life as the 5-brane of the 
type I theory which is dual to the heterotic string. 

Instead of trying to prove that the moduli space becomes K3, we will assume that this 
is the case. As we said, this assumption follows from the conjectured M on K3/heterotic 
on T 3 duality. 

We will now use this assumption as a powerful tool for studying the dynamics of 
three dimensional gauge theories with N — 4 supersymmetry. The minimal such theory 
is obtained by considering a limit of the theory on the brane without higher dimension 
operators. This is the case when the dimensionful gauge coupling g in the three dimensional 
theory satisfies g 2 <C M s t r i ng . This happens when the coupling in the string theory is small, 
or equivalently, when the base is much bigger than the fiber. Then we can study the 
neighborhood of various points in M? ; for various values of the moduli. 

Our three dimensional theories have N = 4 supersymmetry. This algebra is generated 
by four real supercharges Q\ (i = 1, 4; a = 1, 2) which are spinors of the Lorentz group 
50(1, 2). Starting with a renormalizable theory with massless quarks, the Lagrangian has 
a global Spin(4:)ji ~ SU(2)m x SU(2)r2 symmetry under which the four supercharges 
form a vector. This symmetry includes the more familiar SU(2)r x U(1)r symmetry of 
the similar four dimensional theory with N = 2 supersymmetry. The gauge fields are 
in vector multiplets. They include three scalars transforming as (1, 3) under the global 
symmetry and a photon. Upon dualizing the photon, we get another scalar transforming 
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as (1, 1). Together with the other fields, this is a hypermultiplet. The scalars in ordinary 
hypermultiplets transform as (2, 1) © (2, 1) or (3 © 1, 1). 

U(l) gauge theories 

The Coulomb branch of the tree level theory is R 3 x S 1 where the S 1 factor 
parametrized by x corresponds to the dual of the photon. The metric on this space is 
the obvious flat metric and the circumference of the circle is the gauge coupling g. Since 
the part of the metric, which involves the circle, g 2 {dx) 2 , is of order g 2 , for consistency 
some higher order perturbative contributions of the same order should be included. For 
example, parameterizing R 3 by polar coordinates x = (r, 9, 0) a one loop term c cos 9d(pf\F 
(c is a constant) can be generated. After the duality transformation the metric becomes 
-p-(dx) 2 + g 2 (dx + c cos 9d(j>) 2 . Such a correction can change the asymptotic behavior of 
the space. The global Spin{A) symmetry is spontaneously broken on the moduli space 
away from the origin to SU(2) R1 x U(l) since the scalars in the multiplet transform like 
(1, 3 © 1). The broken SU(2) R2 factor acts on R 3 in an obvious way and it is restored 
at the origin. The circle leads to another global U(l) symmetry which is spontaneously 
broken. The quantum corrections could change this picture. In particular, in the example 
above the global SU(2) R 2 acts also on the circle. Then, SU(2) R2 is completely broken and 
there is an unbroken global U(l). 

The theory without matter fields is free and the classical picture does not change in 
the quantum theory. However, with matter fields, electrons, the theory is interacting. The 
interaction is relevant at short distance and the theory is asymptotically free. Therefore, 
far out along the flat directions, where the electrons are heavy, the moduli space is given 
by the one loop corrected answer. Comparison with the theory on the brane can teach us 
about the quantum moduli space in the strongly coupled region. 

U(l) with one electron. This is the theory at generic values of the space time moduli 
(i.e. with generic K3) when in the type I' description the 2-brane is near one of the 16 
D-branes. In the interior of the moduli space a singularity could develop associated with 
the massless electron. However, since our moduli space is part of a K3 at a generic point 
in its moduli space, which is smooth, the moduli space of the gauge theory cannot have 
singularities. We conclude that a £7(1) theory with one electron does not have a singularity 
in its moduli space and correspondingly, the fundamental electron is never massless. 

U(l) with Nf > 1 electrons. In the type I' description this theory describes the 
situation when Nf 6-branes touch each other and the 2-brane probe is near that point. 
The theory on the brane has an SU(Nf) global symmetry while the space time theory has 
an SU(Nf) gauge symmetry. Then, at the origin of the moduli space of the theory on 
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the brane there are Nf massless electrons. Out of that point there is a Higgs branch. As 
explained in 0, on that branch the SU(Nf) global symmetry is broken to 

for Nf = 2 

SU(N f ) -» { U(l) for N f = 3 (1) 

SU(N f - 2) x 17(1) for N f > 4 

The light hypermultiplets on the moduli space transform like 

1 for Nf = 2 

li © 1 for Nf = 3 (2) 

(N f -2)i©l forN f >4. 



As in [|13| we interpret this Higgs branch as the moduli space of an instanton in the 



space time theory. As a consistency check, note that (|l|) and (||) are consistent with 
that interpretation. In the quantum theory the Coulomb branch could be modified. As 
explained above, far out along the flat directions the moduli space is given by the one loop 
corrected answer. Unlike the previous cases, the singularity on the Coulomb branch must 
survive. This follows from the existence of a Higgs branch which goes out of it. A more 
precise characterization of the singularity comes from comparing it with the exact answer, 
which must be part of a K3. Here we are at a non-generic K3. The enhanced SU(Nf) 
gauge symmetry in space time is associated with an Ajy._i singularity in K3. Therefore, 
the moduli space must have an Aw f -i singularity at the origin. Since the short distance 
theory is asymptotically free, we expect to have a different theory at long distance. There 
is no free field theory other than the original one which leads to the Higgs branch ([D , (|2|) . 
Therefore, the theory at the singularity is at a non-trivial fixed point of the renormalization 
group. 

SU{2) gauge theories 

These theories are always interacting and asymptotically free for any number of flavors. 
The Coulomb branch is four real dimensional. In the classical theory it is R 3 x S 1 /Z 2 
where the Z 2 which originates from the Weyl subgroup of the SU(2) gauge theory acts on 
both factors as reflection. The metric on this space (away from the singularities) is flat 
and the circumference of the S 1 factor is the gauge coupling g. Again, for consistency we 
should add some higher order perturbative corrections to the metric of the same order in 
g. As with U(l) gauge theories, the global SU(2)r2 symmetry acts on R 3 in an obvious 
way. It is restored at the origin of the R 3 . The perturbative quantum corrections can 
make SU (2)r2 act also on the circle. In this case SU (2)r 2 is spontaneously broken to 
a trivial group. The global U(l) symmetry which is associated with translations of the 
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circle is explicitly broken by instantons (the configurations which lead to monopoles in the 
analogous four dimensional theory). 

SU (2) with no flavors. We find this theory at a generic point of the space time moduli 
space, when in the type I' description the 2-brane probe is near one of the the orientifolds 
- the origin of R 3 . Far from there the moduli space of the gauge theory asymptotes to 
the one loop corrected answer. From the map to K3, the moduli space should be part 
of a smooth K3 (it is smooth because we are at a generic point of the space time moduli 
space). Therefore, the topology of the classical space should be modified. Such a change 
of the topology of the moduli space between the classical and the quantum theory was 



first found in [14]. In this particular example it has already been established using other 



methods by Witten [|15|. Classically the non-Abelian 577(2) gauge symmetry is restored 
at the origin. However, in the quantum theory the origin is absent and the non-Abelian 
gauge symmetry is never restored. Similarly, the global 5£7(2)^2 is always broken ||15|| . 

SU(2) with Nf = 1. This theory is obtained on the 2-brane at a non-generic point 
in the space time moduli space. It occurs when classically one of the 6-branes coincides 
with the orientifold and the 2-brane is near that point. There is no enhanced continuous 
symmetry and no Higgs branch. As there is no enhanced continuous global symmetry on 
the brane and no enhanced continuous gauge symmetry in space time, the metric on K3 
is not singular. Therefore, the moduli space of the three dimensional theory is smooth. 
Hence, the "W bosons" and the matter fields are never massless. 

SU(2) with Nf > 1. This theory can be found when Nf 6-branes touch the orientifold 
and the 2-brane is near that point. At these points there is an enhanced SO{2Nf) global 
symmetry on the brane and an enhanced SO(2Nf) gauge symmetry in space time. The 
Higgs branch of that theory was analyzed in 0. The global symmetry is broken as 

SO(2NA - { SU{2) f ° r N * = 2 (3) 

and the massless hypermultiplets transform like 

1 foriV7=2 
i(2N f -4,2) ©(1,1) forjV/>3 K ) 

where the ^ denotes half hypermultiplets in that representation. The quantum theory is 
asymptotically free for any Nf. Far from the singularity the moduli space asymptotes to 
the one loop corrected answer but unlike the previous case the singularity is not smoothed 
out. From the enhanced SO(2Nf) gauge symmetry in space time we know that the K3 has 
a Dn, singularity. Therefore, the moduli space of the three dimensional gauge theory also 
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has such a singularity. As in [13] we interpret the Higgs branch as the moduli space of a 
space time instanton. This interpretation is consistent with (|3|) and (|J) and with the fact 
that SO (32) instantons were interpreted in JTO] as the Higgs branch of the D5-brane which 
is our probe. As in the U(l) theory with Nf > 1 flavors, the theory at the singularity 
must be in a non-trivial fixed point of the renormalization group. 

It is trivial to extend the discussion to study other gauge groups by using several 
coinciding 2-branes as a probe. Another, less trivial, extension of this work is to identify 
the three dimensional theories whose Coulomb branch has an E type singularity. These will 
occur for special values of the space time moduli. The corresponding three dimensional 
theories have global #6,7,8 symmetries. They are closely related to the still mysterious 
theories associated with small E% instantons []T6| , p!7| . 

It is easy to repeat this analysis in lower dimensions. Compactifying the type I theory 
on T 4 and wrapping the D5-brane on T 4 we find a string in six dimensions. It is identified 
with the elementary string of the dual type IIA theory compactified on K3. The moduli 



space of the theory on that brane in the classical approximation is T jZi [[L0|]. The 
interpretation of this paper is that this space becomes a K3 (which is smooth for generic 
moduli) by the quantum effects on the two dimensional world sheet of the brane (or by 
some space time effect such that it is consistent with the two dimensional dynamics) . One 
can straightforwardly extend this discussion to compactifications to five and even four 
dimensions. 
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